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A new normal form, called versal, for the linearized Hamiltonian vector field of 
the planar restricted three-body problem at the Lagrange equilibrium point L4 
depending smoothly on the mass ratio for all values close to the critical Routh’s 
ratio is described. Then a canonical transformation also depending smoothly on the 
mass ratio which brings the linear Hamiltonian vector field into this versa1 normal 
form is explicitly calculated. 0 1986 Academic Press, Inc. 
1. INTRODUCTION 
The main tool used in the study of periodic orbits near an equilibrium 
point of a Hamiltonian system is the technique of normal form. The idea 
behind normal form theory essentially consists of eliminating or simplifying 
the terms in the power series of a Hamiltonian through successive 
applications of symplectic (canonical) transformations. The first stage of 
normalization is to find a linear symplectic transformation which brings the 
linearized vector field, or equivalently the quadratic terms, of the 
Hamiltonian into a normal form. The next stage is to observe that the 
linearized vector field, viewed as a first-order differential operator, maps 
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the space of homogeneous polynomials of a given degree into itself. Then 
the normal form theory provides a way to eliminate the terms of the power 
series of the Hamiltonian which are in the image of this map. 
There are major obstacles in applying the normalization procedure out- 
lined above to the planar restricted problem of three bodies near the 
Lagrange equilibrium point L,. In this system the mass ratio of the 
primaries enters into the Hamiltonian as a parameter. Therefore, it is 
necessary to find a normal form for the Hamiltonian which depends 
smoothly on the mass ratio so that the periodic orbits near L, can be con- 
tinued as the mass ratio is varied around a fixed value. An important value 
of the mass ratio is the so-called Routh’s critical ratio. At this ratio, the 
normalization problem is further complicated because the stability type of 
the linearized Hamiltonian vector field changes. Consequently, the eigen- 
vectors do not provide a smooth real symplectic change of basis which 
brings the quadratic terms into smooth normal form. 
In this paper we first introduce a new normal form for the linearized 
Hamiltonian vector field, or equivalently the quadratic terms, of the planar 
restricted three-body problem .at the Lagrange equilibrium point L, 
depending smoothly on the mass ratio for all values close to the critical 
Routh’s ratio. Then we determine a family of real linear symplectic trans- 
formations also depending smoothly on the mass ratio which brings the 
linear Hamiltonian vector field into this normal form. We have succeeded 
in overcoming the difficulties mentioned above by using the theory of ver- 
sal deformations, and constructing the smooth family of symplectic trans- 
formations from difference quotients and the derivatives of the eigenvectors. 
The calculation of quartic terms in the smooth normal form and a detailed 
analysis of families of periodic orbits will be done in a future publication. 
We should point out that our normal form calculations differ con- 
siderably from the numerical results of Deprit and Deprit-Bartholome [9], 
and more recently of Meyer and Schmidt [13]. We treat the case where the 
mass ratio varies in an open interval about the Routh’s ratio, not just at 
the ratio itself. The work of Van der Meer [15], describing a general 
setting for the study of families of periodic orbits of Hamiltonians that are 
already in normal form, is closely related to our approach. 
According to Deprit [7], the matrix of the Hamiltonian vector field of 
the planar restricted three-body problem linearized at the Lagrange 
equilibrium point L, is given by the following smooth ( = real analytic) 
one-parameter family of real infinitesimally symplectic mappings on Iw4 
(with the standard symplectic structure): 
d: R! + sp(4, [w): 6 H 2$(S) 
and 
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Since the characteristic polynomial of d is 
x.5&) = u2 - 
where 
(1 + w2, 
q, = $ (l-p, 
and 
5 = ; (9 h2 - 32)L’2, 
the stability type of d(S) changes at the critical value 
(j 
0 
-43 
3 
as depicted in Fig. 1. 
(1.2) 
(1.3) 
(1.4) 
FIG. 1. Eigenvalues of the family d(S) around 6,. At 6 = 6, eigenvalues are not only 
double, but have nontrivial Jordan blocks. 
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Using real symplectic (canonical) change of coordinates, for each fixed 6 
the family d(6) can be brought into the following normal forms [3]: 
(0 when &SO, 
where qS = a + ib, 
(ii) 
and 
(iii) 
(&) when 6=6,, (1.5) 
0 \ 0 -1 1Ja 
when 6>6,. 
Unfortunately, the changes of bases which bring d(6) into these normal 
forms do not depend continuously on 6 around a,,. This is not caused by 
doing the linear algebra poorly; it is unavoidable. If the changes of bases 
did depend continuously on 6 around 6,, then as 6 + 6, from above the 
normal form (iii) would have to approach (ii). Instead, (iii) converges to 
We remark in passing that this is reminiscent of the discontinuity of the 
Jordan normal form, which is well recognized by numerical analysts. 
The goal of our paper is to overcome this difficulty by introducing a new 
smooth normal form, called a versa1 normal form, and to calculate a 
smooth symplectic change of basis which brings the family d(6) into this 
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new normal form smoothly for all 6 in a sufftciently small open 
neighborhood of 6,. 
For our purposes it will be more convenient to work with an equivalent 
family A(6) as described below. Let P be the (constant) real symplectic 
coordinate change given by 
where 
J2 II2 
y= l-7 . 
( 1 
(1.6) 
(1.7) 
Then the desired equivalent family A(6) is obtained from the equation 
A(6) = P-‘d(6)P, 
and is equal to 
0 -y2/4 y2/2 0 
+(4&36) 
WRY*) 0 0 
(1.8) 
1/(16y2) 0 0 
0 -y*/8 y2/4 0 
Note that A(&) is in the real infinitesimally symplectic normal form (ii) 
described earlier (see (1.5)). 
Let Sp(4, R) be the Lie group of the set of all real symplectic maps on 
R4, and sp(4, R) be its Lie algebra, the set of all infinitesimally symplectic 
maps. More precisely, then, our aim is to construct two smooth functions 
V(S): R + sp(4, R), 
T(6): R -+ Sp(4, W) 
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such that 
V(d )= T(6 )-’ 44 T(S) with T(6,) = Z4 (1.9) 
for all 6 near &, (i.e., in a sufliciently small open neighborhood of a,), 
where Z, is the identity transformation on R4. 
Following the beautiful paper of Arnold [ 11, and its extension to linear 
Hamiltonian systems, due to Gahn [11] and Kocak [12], it is relatively 
easy to find the versa1 normal form V(6). In Section 2, after a brief dis- 
cussion of the theory of versa1 deformations, we determine V(S) explicitly. 
Computation of a smooth family of real symplectic transformations T(6), 
satisfying (1.9), however, is rather involved and will be done in several 
stages. In Section 3 we first show that T(6) can be chosen to lie in a certain 
closed subgroup 9 of Sp(4, R) (Theorem 3.1). Not only does this simplify 
the problem considerably; it also makes T(6) unique, which is important 
for the power series comparison mentioned below. In Section 4 we con- 
struct two smooth families of nonsymplectic coordinate transformations 
R(6) and Q(J) lying in a closed subgroup G of GL(4, [w), along with an 
interim normal form N(S) (see-Lemmas 4.2 and 4.3). In Section 5, from the 
centralizer of N(6) in G, a third nonsymplectic family of smooth coordinate 
transformations Y(6) is chosen (Lemma 5.1). Finally, in Theorem 5.2 we 
complete the construction of the desired smooth symplectic change of basis 
T(6), satisfying (1.9), by proving that 
T(6) = Q(d) Y(b)-’ R(6)-‘. 
We conclude our paper by computing the power series expansions of the 
entries of T(6) about 6 = 6,, up to second-order terms, in two independent 
ways; first directly from our formulas (6.2) with the help of the algebraic 
manipulator VAXIMA and second, by the method of Lie series as detailed 
in the Appendix. Their agreement we offer as evidence of the correctness of 
our results. 
2. VERSAL NORMAL FORM 
In this section we describe the construction of a versa1 normal form V(6) 
of A(b). The key idea is, first to find “the” most general deformation of 
A(&,) in the Lie algebra sp(4, W) and then imbed the family A(6) into it. 
For a more detailed account of the theory the reader should consult 
Refs. [l, 121. 
Let a, be a fixed element of a real Lie algebra L with its underlying vec- 
tor space viewed as a manifold. Let /i“ be a small neighborhood of the 
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origin of Rk for some integer k. A deformation of a, is a smooth function 
a(A) of a vector variable I such that 
a(A): Ak + L with a(0) = a,. 
Similarly, we can define a deformation of an element of g, the 
corresponding Lie group of L. A deformation is also called a family, the 
vector variable 1 the parameters, and the parameter space nk = {I} a base 
of the family. 
Two deformations a(A) and b(A) of a, are called equivalent if there exists 
a deformation t(A) of the identity element e of g with the same base such 
that 
a(A) = t(A)-’ b(A) t(k), t(0) = e. 
Let cp: A’+ A” be a differentiable map with ~(0) = 0. The mapping cp of 
the parameter space A’= {p} into the base of the deformation a(A) induces 
a new deformation (cp*a)(p) of a, 
A deformation a(h) of a0 is called versa1 if any other deformation b(p) of 
a, is equivalent to a deformation induced by a(A) under an appropriate 
change of parameters rp, i.e., if there exist t(p) and cp such that 
b(p) = t(cl)-’ a(cpb)) t(p), 
t(0) = e and q(0) = 0. 
A versa1 deformation of a, in L can be given by using as a base a direct 
sum complement to the tangent space of the orbit of a, 
CC&= {t-‘a,t 1 teg) 
at a,. Finally, the tangent space of ~9~~ at a, is equal to the image of the 
map 
ada,:L+L:xH[a,,x] 
in L, where the [ *, * ] is the Lie bracket of L. 
For the problem under consideration we only need to take 
L = sp(4, R), g = SP(4, R), a, = A(6,). 
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Then, it is routine to determine that the subspace of sp(4, R) spanned by 
and 
is the appropriate direct sum complement to, use [12, 141. Therefore, the 
following two-parameter family V(v,, u2) is a versa1 deformation of A(&), 
where (a,, u2) are two independent real parameters around (0,O). 
Since V(q, OJ is a versa1 family we can imbed any other family into it 
by a smooth change of parameters (see Fig. 2). 
Lemma 2.1. There exists a smooth family T(6) in Sp(4,R) such that, for 
all 6 sufficiently close to 6,, 
V(6) 3 V(u,(6), ~(8)) = T-‘(6) A(6) T(6), T(b) = 14, 
where the smooth functions v,(6) and u,(6) are given by 
J 2 1 q(6)= ---y +-j (1 + (1 - ~2)q”2, 
u,(s)=;(1-(1-1’)“‘), 
( = ; (9 S2 - 32)“2. 
(2.2) 
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FIG. 2. Imbedding of the versa1 normal form V(6) into V(u,, u;), a transversal section to 
the orbit of A(&) in sp(4, R). 
ProoJ Note that the characteristic polynomials of V(6) and A(6) are 
the same for all 6. Now equate the coefficients to determine u,(6) and 
%(Q I 
DEFINITION 2.2. V(S) above is called a versa/ normal form of A(6) 
around S = 6,. 
This is the new smooth normal form we have been seeking. We now turn 
to the construction of a smooth real symplectic conjugating family T(6). 
3. AN IMPROVED SYMPLECTIC CONJUGACY 
In this section we show that the conjugating family T(6) of Lemma 2.1 
can be chosen to lie in a closed subgroup 9 of Sp(4, R). This reduction not 
only simplifies the computations but also makes T(6) unique, which is 
necessary for our power series comparison in Section 6 to be meaningful. 
Let 9 be the closed subgroup of Sp(4, R) defined by 
a,b,c,d,leR 
with f(a d - bc) = 1 
. (3.1) 
THEOREM 3.1. There exists a unique family of smooth symplectic change 
of coordinates T(6) in $9 such that, for all S near So, 
V(6) = T-‘(6) A(6) T(6) and T(6,) = 14. 
Proof: Let W be the vector subspace (not a subalgebra) of sp(4, R) 
given by 
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W E sp(4, W) I A, B, C, D, E, FE R .(3.2) 
Note that W is invariant under conjugation by elements of 3; hence the 
following map is well-defined: 
@:~x w-, W:(g,w)wgwg-l. 
The Lie algebra of the subgroup Y is the Lie subalgebra 9 of sp(4, R) given 
by 
f= [(~---~vt4~) l(1_11/(. (3.3) 
For every w  E W, the orbit mapping 
@,:S+ w: gl-+gwg-’ 
is smooth and has the derivative at the identity Z, of % 
dQw18 + w:fit+pw-W/T. 
It is a routine matrix computation to show that the subspace Z of W 
spanned by 
(-) and (+) (3.4) 
is a direct sum complement to the image of d@JAcgoJ in W. 
Now, consider the mapping 
‘P9xZ+ W:(g,z)t+g(A(&,)+z)g+ 
The derivative of Y at (Z4, 0) is 
d!PBxZ-rW:(/3,z)~j?A(6,)-A(6,)/3+z. 
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Since 
and 
W = Image d@,(b,, Q Z 
dim W=dimg+dimZ, 
the map dY is bijective. Therefore, the theorem follows from the inverse 
function theorem. 1 
4. Two NONSYMPLECTIC TRANSFORMATIONS 
Let G be the following closed subgroup of GL(4, R): 
G= ) (+)EGL(~, R)/. (4.1) 
Note that B = Gn Sp(4, R). In this section we determine two smooth 
G-families Q(6) and R(6) so that S(6) 3 Q(s) R(6))’ is a smooth G-con- 
jugacy of A(6) with V(6). We emphasize that S(6) is not symplectic. It is 
the first step towards finding T(6). 
Away from the critical value 6,, of the parameter 6, there exist a sufficient 
number of eigenvectors to construct a desirable change of coordinates 
[3,7]. However, at 6 = 6, these eigenvectors become discontinuous and 
linearly dependent. The key idea behing the construction of smooth 
G-families of transformations Q(s) and R(6) is to manufacture them from 
difference quotients and derivatives of the old eigenvectors [2, p. 1781. To 
simplify the notation, the variable 6 is omitted from the functions 
introduced below, if there is no danger of confusion. 
We begin with the construction of the G-family R(6). Let q,, q,, [ and V, , 
u2 be defined as in (1.2), (1.3), and (2.2). When 6 > 6,, put 
y,(d)= (0, -& 1, O), 
YA4 = c&29 o,o, 1 h 
Y,(@ = (0, JG, 1, Oh 
Y4(@ = (JG, 0, 0, - 1). 
(4.2) 
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Since 
(4.3) 
we have 
U@Yl =f?,yz, 
V4Y2 = -)lsYl, 
(4.4) 
V&Y3 = -9/Y,, 
V&Y4 =v/y3* 
However, the family col(y,, y,, y3, y4) of matrices, formed by making the 
ith column equal to the vector yi, is neither smooth nor invertible at 
6 = 6,. To correct these defects we define the vectors 
f1(4= r 
6(6 - 60) 
(Y, + y4) = (6 070, Oh 
fA@= 6(6is )(Y3-Y,)=(odJ~o>o)> 
0 
(4.5) 
fd@=; (Y3 +y,)=(O,O, 601, 
f4(@ = ; (Yz - Y4) = (0, 09% l), 
where 
0 = a(6) = 5 J;;. 
3(6 - 60) 
(4.6) 
LEMMA 4.1. The function (r(6) defined in (4.6) is smooth near Jo and 
a(&)) = 1. (4.7) 
Proof: Consider the function L: R + R defined by 
L(x)=~(l-%&x)-i. (4.8) 
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Elementary operations with power series yield the fact that L(x) has a con- 
vergent power series about 0 given by 
L(x)=2x 1 Cn+*X”, 
ll>O 
where 
(2n)! 
” = (2n - 1) 2’“(n!)” 
Also, the function 2: R --f R defined by 
2(x) = Ji( 1 - JG,“’ 
is smooth near 0, since L(0) = 0 and 
fi L(x) = 2 x( 1 + L(x))“‘. 
Now, observe that 
3Jz = 16 (6 + 6,)( 1 + L(~‘))“? 
(4.9) 
(4.10) 
Hence, c is smooth near 6, and by direct evaluation ~(6,) = 1. b 
LEMMA 4.2. The G-family 
R(6) = col(f,, f2, f3, fJ (4.11) 
is smooth near do and R(6,) = IA. Furthermore, the matrix of the versa1 nor- 
mal form V(6) with respect to the { fi} basis is 
N(6) = R(6)-’ V(6) R(6) 
0 0 -rz, n, 
nl 0 0 n2 
= ii) 7 -n3 0 0 -n, 0 0 -n3 n, (4.12) 
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where 
n, =n,(S)=; Nf + Ul = ; (v, + ?I), 
(4.13) 
Proof The first part of the lemma is a direct consequence of (4.5) and 
Lemma 4.1. The second part follows from (4.2), (4.3), and (4.4). 1 
This completes the calculation of the smooth G-family R(6). 
We now turn to the computation of the second smooth G-family Q(J). 
Since this is a bit more involved than the previous one, it is helpful to begin 
with an explanation of our point of departure. 
Following Deprit [7], for 6>&,, put 
A,(6) = (2 + 3 6 + gy*, 
A,(6) = (2 + a 6 -fly’*, 
B,(6) = (2 - 3 6 + g)“*, 
B,(6) = (2 - 2 6 - ;{)“* 
and 
z,(d) = (0, B,> VA, -B,, Oh 
z2(@ = (A,, 0, 0, A, - v,B,), 
zd8) = (0, B,, ‘I,-& -B,, O), 
44 = ( -A,, 0, 0, q,B, -A,). 
These vectors satisfy 
(4.14) 
(4.15) 
(4.16) 
where d(8) is given in (1.1). Also define 
505/64/3-6 
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x,(6) = P-‘z1(6), 
x2(b) = Pz*(8), 
x,(6) = P-‘z,(6), 
xq(8) = Pz4(8), 
where P is defined in (1.6). Then, 
NW-1 = vsx2, 
4S)x, = -VsXl, 
4@x, = -q/x4, 
NW4 = Ii/X3> 
(4.17) 
(4.18) 
when 6 >, &,. However, the family col(x,, x2, x3, x4) is not smooth at 
6=&J, and is also not invertible because x1(&) =x,(6,) and 
x,(6,) = -x4(a0). To correct these defects we proceed exactly as in (4.5) by 
defining 
e,(6) = 6(di6 
0 
)(X2 +x4), 
e,(a) = 6(5L6 
0 
)(X3 -x1)7 
e3@) = i (x3 + 4, 
e,(d) = ; (x2 -x4)* 
LEMMA 4.3. The G-family 
Q(h) = Wel, e2, e3, e4) 
(4.19) 
(4.20) 
is smooth near do and 
Proof. It follows from (4.18) and (4.19) that the matrix of A(6) with 
respect to the basis {ei} is N(6). To show that Q(s) is smooth near 6,, it 
suffices to show that the G-family 
Q(6) = col(Z,, 22, 03, P4) (4.21) 
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defined by 
&m = eA4 (4.22) 
is smooth around &. Note that the function K [w + R defined by 
K(x)=x-‘((l+X)“2-(l-x)1’2) (4.23) 
is smooth near zero, because 
K(x)=2 c C2”+lX2n, 
?I>0 
where the coeffkients Cam+, are given as in (4.9). Next, observe that the 
following functions are smooth near So: 
F,(J) = 6 _ 6o z- (A, -A,) 
=~(6+6,)(2+~6)-“2K(2(2j,b)), 
4 
F2(@= -&- (B, - B,) 
0 
9 (6 + 6,)( 10 - 3 6) 
=8(2(2-;s,+1yK 
(10-3 S)l 
2(2(2-$6)+p) 
(4.24) 
F,(6) = A, + AI 
2+;S+(6+36)“2 
w 
, 
F,(6) = B, + B, 
2-;S+(6-36)1’2 
10 
, 
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F,(8) = vs-4, + rlr-4, 
= 2+;6+;12+((1-C2)(6+38))“2 
( 
112 
, 
= 2-;d+fr’+((l-~‘)(6-3d))‘/“) 
( 
112 
. 
Using (4.21), (4.22), (4.15), and the definitions of Fi above we obtain 
e”2 = 12 > w!-(0 -f’2, F2 -F,, Oh 
(4.25) 
Z’,=;(F,,O,O,F,-F,). 
Thus Q(s), and hence Q(s) = P-‘&6), is smooth near 6,. To show that 
Q(s) is a G-family near do we need only prove that Q(&,) is invertible. The 
values of the functions Fi at 6 = 6,, by direct evaluation, can be found to be 
the following: 
F,(6,) = 6(2 - fi)1’2, F,(&) = 6(2 + a)1’2, 
F3(S,) = 3(6 - Jj1)(2 + a,“‘, &2 ) F4(do) = 3(6 + &(2 - ,,h)1’2, 
F,(d,) = 2(2 + ,/‘5)1’2, Fe(&) = 2(2 - ,,/$1’2, 
(4.26) 
F,(&) = J5(2 + $)‘I’, “‘ F,(&,) = fi(2 - fi)l”. 
Using the values of F,(S,) above and the identity (1 - ,/?/2)lj2 
(2 + fi)1’2 = 1, we find by a routine matrix multiplication that 
Q(&,, = P-‘&G%) = (4.27) 
which is clearly invertible. 1 
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By combining Lemmas 4.2 and 4.3 we obtain the main result of this sec- 
tion: 
THEOREM 4.4. Let S(6) = Q(d) R(d)-‘. Then S(6) is a smooth G-con- 
jugucy of A(6) with V(d), that is, for all 6 near 6,, 
V(6) = S(6)-’ A(6) S(6). 
Furthermore, 
S(&J = Q(hJ. I 
5. CONSTRUCTION OF THE SYMPLECTIC CONJUGACY 
As we emphasized earlier, the smooth G-conjugacy S(6) = Q(J) R(6)-’ 
constructed in Theorem 4.4 is not symplectic. In order to determine the 
unique symplectic %conjugacy T(6) of A(6) with V(6), we modify S(S) 
further by constructing a third G-family Y(6) with the following properties: 
for all 6 near a,, 
6) Y(6) N4 = NQ Y(@, 
(ii) o(Q(6)x, Q(6) y) = o(R(6) Y(6)x, R(6) Y(S) y) for all 
x, y E R4, or equivalently 
Q*w = Y*R*o, 
where w  is the standard symplectic form on R4, 
(iii) Y(6,) = Q(&,). 
In this section we construct Y(6) and prove that 
T(@=Q(d) Y(6)-‘R(d)-’ 
(5.1) 
(5.2) 
(5.3) 
is the desired unique smooth symplectic B-conjugacy, whose existence is 
guaranteed by Theorem 3.1. 
We begin the construction of Y(6) by computing the G-centralizer of 
N(6). A routine matrix computation shows that the elements of G which 
commute with N(6) are the matrices of the form 
(5.4) 
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where n = nJnS (see (4.13)), e and f are smooth functions of 6 around 6,, 
with fZ - ne* # 0. 
From the G-centralizer of N(6), we next select a matrix satisfying (5.2) 
and (5.3). We proceed by first computing the matrices of R(6)*w and 
Q(s)*w of the standard symplectic form w  in the smooth bases (fi} and 
{e,}, respectively. Using (4.5) we get 
Therefore, 
1 0 
0 1 
R(6)*w = 0 
i-I,. 
(5.5) 
-1 0 
0 -1 
Next, we turn to the computation of Q(~)*co, which is considerably more 
involved. To determine the matrix of w  in the {e,} basis it suffkes, by 
(4.18), to calculate w(xi, xi). Furthermore, by definition of zi (see (4.14), 
(4.16)) and the fact that P is symplectic we have 
O(Xi, Xi) = O(Zi, Zj). 
Using (4.13), (4.14), and the identities 
A,B, = 2rls, A,B, = Qr, 
A;+B;=4, A;+B;=4, 
A;+B,2-4=[, A;+ B;-4= -[, 
which follow from their definitions in (4.14), we get 
(5.6) 
&I, z3) = dz2, z4) = Nz2, z3) 
=w(zl, z‘$)=O, 
&I, z2) = -1,c.i 
4z3, ZLd = -115. 
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Therefore, by (4.18) we obtain 
0 -a p 0 
a 0 0 B 
Q(@*w = i---i 
-8 0 0 -y 
0 -B 0 Y 
(5.7) 
where 
a=$(S+bo)n3, 
8=iw+wb 
y = gs- d&p 
(5.8) 
In matrix terms, the conditions (5.1) and (5.2) on Y(S) are now equivalent 
to the matrix equation 
In turn, (5.9) above is equivalent to the system of nonlinear equations 
2aef = -a, (5.10) 
a(f2 + ne”) = fl, (5.11) 
2onef = -y, (5.12) 
from which we must determine e andf, subject to the condition (5.3). For 
this system to have a solution we must have 
Y n=-. 
a 
(5.13) 
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From (5.8), however, 
~=4wo) 
ci (6+60)’ 
On the other hand, by (4.13), (4.6), (2.2), and (1.3), 
n=!Luz= 9(6 - 6,)2 =4(d-do)o 
n3 ts2 c2 (6 + 60) 
(5.14) 
Therefore (5.13) holds, and consequently (5.12) is redundant. Before 
solving for e and f, we first need to calculate e(6,) and f(S,). Evaluating 
(5.10) and (5.11) at S = a0 gives 
J2 4ao) * f(So) = -7) 
L (5.15) 
(f@o))2 = 1, 
because a(aO)= 1 by (4.7), while n(6,)=0 by (5.13), and ~$6,) = fi, 
/?(a,)= 1 by (5.8) and (4.11). Thus we may choose 
& 4do) = -2, 
f(ho)= 4 
(5.16) 
for then not only does (5.15) hold, but also (5.3), 
Y(go) = Q(ho,, 
as required (see (4.27)). Furthermore, from (5.16) it follows that e(6) and 
f (6) are nonzero for all 6 near 6,. 
We now return to the nonlinear system (5.10~(5.12). Solving (5.10) for f 
and substituting the result into (5.11) yields the following quadratic 
equation in e2: 
B lx2 ne4 - - e2 + z = 0. 
0 
(5.17) 
Using the quadratic formula and (4.8), which defines the function L, gives 
e(6)= - &(l+L( -$))‘“. (5.18) 
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The leading minus sign above is chosen because of (5.16). Also, by (X8), 
(4.13), (4.10), and (2.2) we have 
and 
- = ; (6 + S,)( 1 + L([2))“‘. 
dk 
Therefore, the desired smooth solutions of (5.10) and (5.11) satisfying 
(5.15) are 
e(S) = -; (6 + S,)( 1 + L 0 L([2))1’2( 1 + L([2))“2, (5.19) 
and 
f(S)=(l +LL(r*))-1’2(1 +L(i2))--1’2. (5.20) 
The following lemma summarizes the results of our computations so far 
in this section. 
LEMMA 5.1. The G-family Y(S) defined by f 0 0 --ne 
0 fne 0 
Y(S) = (+I Oef 0’ -eOO f (5.21) 
where e(@, f(S), n(J) are as giuen in (5.19), (5.20), and (5.14), respectively, 
is smooth and satisfies Eqs. (5.1), (5.2), and (5.3). a 
Finally, we can state the main result of our paper by constructing the 
unique family of smooth symplectic transformations whose existence was 
proved in Theorem 3.1. 
THEOREM 5.2. Let T(6) be defined as 
T(6)= Q(s) Y(6)-’ R(6)-‘, (5.22) 
where the right-hand side is as given in Lemmas 4.3, 5.1, and 4.2. Then for all 
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6 in a sufficiently small open neighborhood of 6,, T(6,) is the smooth sym- 
plectic Q = G n Sp(4, E4)-family satisfying 
V(6) = T(6)-’ A(6) T(6) and T(6,) = Z4. 
Proof. For the sake of brevity, we omit the variable 6 from the 
functions below. First. 
T-‘AT=RY(Q-‘AQ) Y-‘R-l 
= R( YNY-‘)R-’ by (5.1) 
= RNR-’ by Lemma 4.3 
= V by Lemma 4.2. 
Second, by Lemma 4.2 and (5.3), 
T(b) = Q<&) Y(b) -’ N&J - ’ 
= Q(b) Q(W’ L 
=I,. 
Third, T is a smooth G-family for all 6 near &,, because Q, R, Y are 
smooth G-families and G is a Lie group. Finally, T is real symplectic since 
T*o = (R-‘)*( Y-‘)*Q*w 
=(R-l)*(Y-l)*Y*R*~ by (5.2) 
= Co. I 
6. POWER SERIES OF THE SYMPLECTIC CONJUGACY 
In this section we give an explicit formula for the smooth symplectic con- 
jugacy T(S) in terms of various smooth functions of 6 (near 6,) defined 
earlier. From this formula, we also compute the first three terms of the 
Taylor expansion of the entries of T(S) about 6 = &,. 
Recall that from Theorem 5.2 we have 
T= Q(RY)-‘, 
= P-l(PQ)(RY)-‘, 
= P-‘D(RY)-‘. 
(6.1) 
By definition of P (1.6), Q (4.21), (4.25), R (4.11), (4.5), and Y (5.21), the 
matrix of T above is equal to 
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( 
Y 
0 
+ - 
0 
3~12 
f0 0 me 
0 f -me 0 
-ii 
0 -e af 0 ’ 
e 0 0 of 
(6.2) 
where D=o(f2-ne2), y= (1 -,,/?/2)112, and (T (4.6), Fi, i= l,..., 8 (4.24), n 
(5.14), e (5.19), f (5.20) are smooth functions of 6 near c&. 
Since T is a smooth ‘%-family (3.1) it has the form 
T= 
’ 
(6.3) 
where 
Z=(ad-bc)-‘. 
At this point, we used the algebraic manipulator VAXIMA to compute the 
first three terms of the Taylor series of the entries of T, about 6 = do, 
directly from our formula (6.2). Let t = 6 -So. Then our computer com- 
putations yield the power series 
a = 1 _ (3sqrt(2) - 36) t + (3348sqrt(2) + 963) t2 
32 1024 
+ (221697sqrt(2) + 910764)t3 + . . . 
32768 
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b = _ (3sqrt(2))t (54sqrt(2) + 189)P 
4 - 64 
(48789sqrt(2) + 34344) t3 - + 
. . 
4096 
cc - (21sqrt(2))t (378sqrt(2) + 2277)t2 
16 - 256 
- (642951sqrt(2) + 309096) t3 + . . . 
16384 
d= 1 + (3sqrt(2) + 36)t + (3564sqrt(2) + 2367)t* 
32 1024 
+ (376947sqrt(2) + 1002780)t3 + . . . 
32768 
*=l (216sqrt(2)-81)t* + (1944sqrt(2)-7371)~~ + 9t . . . 
4 32 128 
la = 1 _ (3sqrt(2) + 36)t (3348sqrt(2) - 963)t* 
32 - 1024 
(6.4) 
+ (221697sqrt(2) - 910764)~~ + . , . 
32768 
Ib= _ (3sqrt(2))t + (54sqrt(2)- 189)t* 
4 64 
- (48789sqrt(2) - 34344) t3 + . . . 
4096 
(21sqrt(2))t + (378sqrt(2) - 2277)t* 
lc= - 16 
256 
(642951sqrt(2) - 309096)t3 - 
16384 
+ .. 
Id= 1 + (3sqrt(2) - 36)t (3564sqrt(2)- 2367)t2 
32 - 1024 
+ (376947sqrt(2) - 1002780)~~ + . . . 
32768 
Note that, up to second-order terms, the power series of T above are 
identical with those given in the Theorem of the Appendix, obtained using 
Lie series. For a detailed account of our VAXIMA calculations, see [S, 61. 
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7. ALGEBRAIC AND ANALYTIC CHECKS 
It is evident from the foregoing construction that the explicit expression 
for T(6) as a function of 6 is, at best, rather complicated. In a computation 
of this magnitude one is likely to miss a sign or forget a factor. In this sec- 
tion we discuss the algebraic and the analytic checks we have performed to 
establish the correctness of the form of r(S) as given in Section 6. 
The first algebraic check is to verify that T belongs to the subgroup 9 = 
G n Sp(4, R). Since PE 9 (see (1.6)), it suffices to show that PT belongs to 
Y. Thus by (6.2) the following must hold as an identity: 
(7.1) 
Multiplying this matrix equation by the inverse of ( -f -7) and then 
using the definitions of Fi (4.24) and tl, p, y (5.10)-(5.12) yields the four 
identities below which are equivalent to (7.1): 
- -& (B, - B,) A = T_lr, (A, - A)B - 664, + A,b, 
0 0 
6(B, + B,) A = - -& (A, - 4)~ + f&4, + A,)P> 
0 
- XhJ, - rl,A,+ B, - B,) A = & (As - 4 + ~9, - v,B,)P 
0 
(7.2) 
- W4, + A, - (qsBs + v,BJ)y, 
6(qsA, + q/A, -B, -B,) A = - & (As -A, + ?rB, - ~,B,)Y 
0 
+ W, + A, - (0, + tl,B,))B, 
where A is defined by 
i 
‘=6(S-6,) (w4Bs - v/AsB,). 
To verify the identities (7.2) using (5.8), (4.13) (4.6), and (4.3) we first 
express a, 8, y in terms of 6, C, ?I/, and qs: 
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if6 + do) (rs - ?A 
a= 16(6-&J 
(7.3) 
Second, using (5.6) we get 
A = ; (6 + 6,) AJ,. (7.4) 
Now, by substituting (7.3) and (7.4) into (7.2) and utilizing (5.6), it is an 
easy matter to establish the desired four identities. 
The second algebraic check we perform is to see if T conjugates A into 
its versa1 form T/. Using the expressions (1.8) for A, (2.1) for I’, and (6.2) 
for T, the equation (PAP-‘)PT= (PT) V gives rise to eight identities. As in 
the first check, we verify these identities by expressing all the functions in 
terms of c, 6, A,, AI, B,, B,, q,, qr, and then use the relations (5.6) 
repeatedly. We omit the details of these rather laborious calculations. 
It is evident from the two algebraic checks that if there are any errors in 
the power series for a, b, c, d, 1 (6.4), then a glance at (6.2) shows that they 
must be in the power series for Fi, e, f, n, or 6. Therefore, as a final check, 
we compute the first three terms of the power series of the entries of T 
another way, by the method of Lie series as detailed in the Appendix. It is 
comforting that the results of Taylor expansion of the entries of T directly 
from (6.2), using the algebraic manipulator VAXIMA (see Section 6), and 
the Lie series approach agree. 
APPENDIX: LIE SERIES AND VERSAL NORMAL FORM 
In this appendix we use the method of Lie series [8] to find the first 
three terms of the power series expansion of the smooth symplectic basis 
change T(6), about 6 = a,, which brings A(6) into its versa1 normal form 
V(6). The agreement of the Lie series with the direct Taylor expansions 
given in Section 6 provides a check of our results, since the two approaches 
are independent. The method described below can be extended to give a 
recursive procedure for computing all the coefficients of the power series of 
T(6). The construction in Theorem 5.2, however, gives the power series of 
T(6) in closed form and hence is theoretically superior. 
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For the method of Lie series, instead of looking at the smooth family of 
linear Hamiltonian vector fields, it is more convenient to work with the 
corresponding smooth family of quadratic Hamiltonian functions [4]. Let 
(x9 Y) = (Xl > x2, y,, yJ be the standard symplectic basis for R4 and 
E = 6 - &,. Then the quadratic family of Hamiltonians d, depending on E 
which corresponds to A(& + 6,) (see (1.8)) is 
&x9 Y) = AAX, Y) +&x, Y), (Al) 
where 
A”&, Y) = Yj- (x, y, -x* y,) + ; (XT +xZ), fi 
3 3Y2 
-2 
Q 
XlY2 + -x2y*, 4 
and 
y = 1 - Jz ( ) Ii2 2 . 
Similarly, the quadratic Hamiltonian function corresponding to the linear 
Hamiltonian vector field V(v,(6), ~~(8)) of (2.1) is 
t,(x, y) = 
( 
$+u (E+&J)(X y 1 1 2 -x y ) 2 1 
+~(X:+X:)+~U2(E+SO)(Y:+y:), 
where 
l/2 l/2 
I> ) 
(A4) 
Using (A4) the power series expansions of ul(.s + 6,) and u2(e + 6,) about 
E = 0 up through second-order terms are 
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3 
81 
U2(E + 6,) = a $ E + 32 E2 + . -. . 
Substituting (A5) directly into (A3) gives the versa1 normal form ve of A”, 
up through second-order terms; 
u, Y) = fstx, Y) + mx, Y) + $ B,(x, y) + . . . ) 646) 
where 
m, v) = $(x y -x2y1)+1(x2+x2) 1 2 2 1 23 
0 
w, Y) = - ; (Xl .Y2 -x2 Yl) + y-- M + Y:h (A7) 
Note that 
A”&, Y) = ux, Y). b-48) 
We now outline how to use Lie series to compute the terms in the power 
series of T(E + 6,) which brings A”, into versa1 normal form rE up to terms 
in s3. Let f(x, y) be a homogeneous quadratic function in R4, and let L, 
denote the Lie derivative with respect to the linear Hamiltonian vector field 
X, corresponding to f: Then the mapping 
cp;:Iw x R4 --$ R4 
with 
t, (x9 Y) ++ (exp t&N;) 
is the flow of X,. For t = 1, the linear transformation 
fpp4+Iw4 
with (A9) 
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is symplectic, and 
Moreover, if X, E 9, then (p.: E Q (see (3.2) and (3.1)). 
Now let 
(AlO) 
(All) 
be a formal power series of homogeneous quadratic functions on Iw4 such 
that Xf” EB, and hence Xf~f. Substituting (All) into (AlO), and 
calculating up to terms in e3 gives 
(A121 
Equating the coefficients of ei in A,0 qj above, and the versa1 normal form 
rE in (A6), we obtain the equalities 
Al, = vo,, (A13) 
- - w  
Lf,Al +A1 = v,, (A14) 
B I 
Lf,A, +2&/t, + L$4, = v*. 6415) 
Because of (A8), the Eq. (A13) is immediate. Since the Lie derivative is 
linear and skew-symmetric, Eqs. (A14) and (A15) can be rewritten as 
and 
M - 
L&f1 =A, - v, (A161 
L&f* = Lr,Vz + VI) - v2. (A17) 
Therefore, after solving (A16) for fi, and substituting the result in (A17) to 
find fi, we then can determine the smooth Q-symplectic basis change up to 
terms in a*, using (A9). 
We now show how to solve for fi and f2. Recall that the Lie algebra 
sp(4, k!) under the Lie bracket [ ., *] is isomorphic to the Lie algebra 2 of 
homogeneous quadratic functions on lR4 with the Poisson bracket { -, . } 
(see [4]). Under this isomorphism the Lie subalgebra 9 of sp(4, Iw) 
505/64/3-7 
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corresponds to the subalgebra 9 of 9, consisting of quadratic functions of 
the form (see (3.3)) 
f= -cx1x2 +by,y, +ax,y, +(I+a)x,y,. 6418) 
Let W be the vector subspace of 9, consisting of the quadratic functions of 
the form (see (3.2)) 
Since W is invariant under Lf, for every SE 9, the bilinear mapping 
L:WxFtw-:(w,f)l-+ -{w,f}=L,f 
is defined. Fixing the first variable in L to be d,, we get the linear map 
LJo:S*W: f l-+La,f: 6420) 
Let 9’ be the vector space 9 consisting of the quadratic functions of the 
form (see (3.4)) 
z = u2M + Y:) + &(X1 Y2 - x2 Yl)? (A21) 
where ul, u2 E [w. The following calculation shows that 9’ is the com- 
plement of the image of Ldo in W. A straightforward Poisson bracket com- 
putation, using (A2), (A18), and (A20), gives 
Suppose that w  E W is given. Then the existence of unique f E s and 
z E %” satisfying 
w=L,&f+z (~23) 
is equivalent to the existence of a unique solution of the system of 
equations 
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J 2 -a-- 2 c=E, 
d -b+2 I+u, =c, 
3 -b+T l-u, =A. 
The unique solution of (A24) is given by 
u1 =;(C-A), 
u2 =;(B+D), 
b=$(B-D) 9 
I=$(A+C+Zb) 7 
a= -;(E+F+l), 
a c=+-E+F+I). 
(~24) 
6425) 
We now solve (A16) for fi. Put w1 = 2, (see (A2)). Hence by (A25) we 
find that z1 = VI (see (A7)), and 
+g3-5$9x,y, -;(3+~),,,,, (A261 
satisfying (A23), which is equivalent to (A16). 
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To solve (A17) forf2, put w2 =&,(a, + 8,). Using (A26) we get 
X2Yl. 
Therefore, again by (A25) we find that z2 = P,, and 
(A27) 
satisfying (A23), which in this case is equivalent to (A17). 
Consider now the quadratic function 
where f, and f2 are given by (A26) and (A27), respectively. Up to terms in 
s3 the Ssymplectic smooth transformation T(E + 6,) = (pr = exp Lf 
generated by f is 
T(E + 6,) = q$ = 14 + ELfi + ; (L,, + Lj,). W8) 
We now summarize the calculations in the appendix by giving the 
explicit expressions of the first three terms of T(E + 6,) using (A28). 
THEOREM. Up to terms in z3, where E = 6 - &,, the power series of the 
smooth symplectic basis change T(E + 6,) given in Theorem 3.1 is 
T(E + 6,) = 
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At this point, in lieu of writing a section on conclusions, we invite the 
reader to look at the Introduction one more time. 
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